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a b s t r a c t
In this work, we study the existence and global exponential convergence of positive
almost periodic solutions for the generalized model of hematopoiesis. Under appropriate
conditions,we employ a novel proof to establish some criteria for ensuring that all solutions
of this model converge exponentially to the positive almost periodic solution.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The nonlinear delay differential equations
x′(t) = −a(t)x(t)+
m
i=1
bi(t)
1+ xn(t − τi(t)) , n > 0, (1.1)
where
a, bi, τi : R → (0,+∞) are continuous functions for i = 1, 2, . . . ,m,
have been used by Mackey and Glass [1] and Gyori and Ladas [2] to describe the dynamics of hematopoiesis (blood cell
production). As is known, Eq. (1.1) belongs to a class of biological systems and it (or its analogue equation) has been
attracting more attention because of its extensively realistic significance. In particular, there have been extensive results
on the problem of the existence and attractivity of periodic solutions for Eq. (1.1) in the literature. We refer the reader to
[3–7] and the references cited therein. On the other hand, as pointed out in [8,9], the periodically varying environment and
the almost periodically varying environment are foundations for the theory of natural selection. Compared with periodic
effects, almost periodic effects are more frequent. Hence, the effects of the almost periodic environment on evolutionary
theory have been the object of intensive analysis by numerous authors and some of the results can be found in [10–13].
In particular, Alzabut et al. [14] proved the existence and exponential stability of a positive almost periodic solution for
Eq. (1.1) with impulsive delay and the following condition:
(A)m = 1, supt∈R b1(t) < inft∈R a(t).
Recently, Wang and Zhang [15] also obtained a new fixed point theorem to establish some sufficient conditions for the
existence, nonexistence anduniqueness of positive almost periodic solutions for Eq. (1.1)withn > 1. Furthermore, Yang [16]
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established some criteria ensuring the existence, uniqueness and global attractivity of almost periodic solutions of Eq. (1.1).
Unfortunately, the exponential attractivity of almost periodic solutions was not investigated in [16]. Now, a corresponding
problemarises: Find the sufficient conditions for the existence and exponential stability of a positive almost periodic solution
for Eq. (1.1) without conditions (A) and n > 1.
Motivated by the works of [14–16], our main purpose in this work is to give new conditions for the existence and
exponential convergence of the positive almost periodic solutions for Eq. (1.1). By applying Theorem 0.3.1 of [17], we derive
some new sufficient conditions ensuring the existence, uniqueness and exponential convergence of the positive almost
periodic solution for Eq. (1.1) without conditions (A) and n > 1, which complement the previously known results given
in [14–16].
Throughout this work, for i = 1, 2, . . . ,m it will be assumed that a, bi, τi : R → (0 +∞) are almost periodic functions,
and
a− = inf
t∈R a(t), a
+ = sup
t∈R
a(t), b−i = inft∈R bi(t) > 0, b
+
i = sup
t∈R
bi(t), (1.2)
r = max
1≤i≤m

sup
t∈R
τi(t)

> 0, and n
m
i=1
b+i < a
−. (1.3)
Let C = C([−r, 0], R) be the continuous functions space equipped with the usual supremum norm ∥ · ∥, and let C+ =
C([−r, 0], R+). If x(t) is defined on [−r + t0, σ ) with t0, σ ∈ R, then we define xt ∈ C where xt(θ) = x(t + θ) for all
θ ∈ [−r, 0]. For x ∈ R, we writex for the element of C satisfying (x)(θ) = x for all θ ∈ [−r, 0].
Due to the biological interpretation of model (1.1), only positive solutions are meaningful and therefore admissible. Thus
we just consider admissible initial conditions
xt0 = ϕ, ϕ ∈ C+ and ϕ(0) > 0. (1.4)
We write xt(t0, ϕ)(x(t; t0, ϕ)) for an admissible solution of the admissible initial value problem (1.1) and (1.4). Also, let
[t0, η(ϕ)) be the maximal right-interval of existence of xt(t0, ϕ).
2. Preliminary results
In this section, some lemmas and definitions will be presented, which are of importance in proving our main results in
Section 3.
Definition 2.1 (See [8,9]). Let u(t) : R −→ Rn be continuous in t . u(t) is said to be almost periodic on R if, for any ε > 0,
the set T (u, ε) = {δ : |u(t + δ) − u(t)| < ε for all t ∈ R} is relatively dense, i.e., for any ε > 0, it is possible to find a real
number l = l(ε) > 0, for any interval with length l(ε), for which there exists a number δ = δ(ε) in this interval such that
|u(t + δ)− u(t)| < ε, for all t ∈ R.
Definition 2.2 (See [8,9]). Let x ∈ Rn and Q (t) be a n× n continuous matrix defined on R. The linear system
x′(t) = Q (t)x(t) (2.1)
is said to admit an exponential dichotomy on R if there exist positive constants k, α, a projection P and the fundamental
solution matrix X(t) of (2.1) satisfying
∥X(t)PX−1(s)∥ ≤ ke−α(t−s) for t ≥ s,
∥X(t)(I − P)X−1(s)∥ ≤ ke−α(s−t) for t ≤ s.
Set
B = {ϕ|ϕ is an almost periodic function on R}.
For any ϕ ∈ B, if we define the induced modulus ∥ϕ∥B = supt∈R |ϕ(t)|, then B is a Banach space.
Lemma 2.1 (See [8,9]). If the linear system (2.1) admits an exponential dichotomy, then the almost periodic system
x′(t) = Q (t)x+ g(t) (2.2)
has a unique almost periodic solution x(t), and
x(t) =
 t
−∞
X(t)PX−1(s)g(s)ds−
 +∞
t
X(t)(I − P)X−1(s)g(s)ds. (2.3)
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Lemma 2.2 (See [8,9]). Let ci(t) be an almost periodic function on R and
M[ci] = lim
T→+∞
1
T
 t+T
t
ci(s)ds > 0, i = 1, 2, . . . , n.
Then the linear system
x′(t) = diag(−c1(t),−c2(t), . . . ,−cn(t))x(t)
admits an exponential dichotomy on R.
By the same approach as was used in the proof of [3, Lemma 2.3], we have:
Lemma 2.3. Every solution x(t; t0, ϕ) of (1.1) and (1.4) is positive and bounded on [t0, η(ϕ)), and η(ϕ) = +∞.
3. The main results
Theorem 3.1. Let M1 =
m
i=1 b+i
a− andM2 =
m
i=1
b−i
1+Mn1
a+ . Then, there exists a unique positive almost periodic solution of Eq. (1.1) in
the region B∗ = {ϕ|ϕ ∈ B,M2 ≤ ϕ(t) ≤ M1, for all t ∈ R}.
Proof. For any φ ∈ B, we consider an auxiliary equation
x′(t) = −a(t)x(t)+
m
i=1
bi(t)
1+ φn(t − τi(t)) . (3.1)
Noticing thatM[a] > 0, it follows from Lemma 2.2 that the linear equation
x′(t) = −a(t)x(t), (3.2)
admits an exponential dichotomy on R. Thus, by Lemma 2.1, we obtain that the system (3.1) has exactly one almost periodic
solution:
xφ(t) =
 t
−∞
e−
 t
s a(u)du

m
i=1
bi(s)
1+ φn(t − τi(s))

ds. (3.3)
Define a mapping T : B −→ B by setting
T (φ(t)) = xφ(t), ∀φ ∈ B.
Since B∗ = {ϕ|ϕ ∈ B,M2 ≤ ϕ(t) ≤ M1, for all t ∈ R}, it is easy to see that B∗ is a closed subset of B. For any φ ∈ B∗, from
(3.3), we have
xφ(t) ≤
 t
−∞
e−
 t
s a(u)du

m
i=1
bi(s)

ds ≤ M1 for all t ∈ R, (3.4)
and
xφ(t) ≥
 t
−∞
e−
 t
s a(u)du

m
i=1
bi(s)
1+Mn1

ds ≥
m
i=1
b−i
1+Mn1
a+
= M2 for all t ∈ R. (3.5)
This implies that themapping T is a self-mapping from B∗ to B∗. Now, we prove that themapping T is a contractionmapping
on B∗. In fact, for ϕ,ψ ∈ B∗, we get
∥T (ϕ)− T (ψ)∥B = sup
t∈R
|T (ϕ)(t)− T (ψ)(t)|
= sup
t∈R

 t
−∞
e−
 t
s a(u)du
m
i=1
bi(s)

1
1+ ϕn(t − τi(s)) −
1
1+ ψn(t − τi(s))

ds
 . (3.6)
In view of (3.3)–(3.6), from the inequality 11+ xn − 11+ yn
 =  −nθn−1(1+ θn)2
 |x− y| ≤ n|x− y|, (3.7)
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where x, y ∈ [0,+∞), and θ lies between x and y,we have
∥T (ϕ)− T (ψ)∥B ≤ sup
t∈R
 t
−∞
e−
 t
s a(u)du
m
i=1
bi(s)n|ϕ(s− τi(s))− ψ(s− τi(s))|ds
≤ ∥ϕ − ψ∥B sup
t∈R
 t
−∞
e−
 t
s a(u)du
m
i=1
bi(s)nds
≤
n
m
i=1
b+i
a−
∥ϕ − ψ∥B.
From (1.3), noting that n
m
i=1 b+i
a− < 1, it is clear that the mapping T is a contraction on B
∗. Using Theorem 0.3.1 of [17], we
obtain that the mapping T possesses a unique fixed point ϕ∗ ∈ B∗, Tϕ∗ = ϕ∗. By (3.1), ϕ∗ satisfies (1.1). So ϕ∗ is an almost
periodic solution of (1.1) in B∗. The proof of Theorem 3.1 is now complete. 
Theorem 3.2. Let x∗(t) be the positive almost periodic solution of Eq. (1.1) in the region B∗. Then, the solution x(t; t0, ϕ) of (1.1)
and (1.4) converges exponentially to x∗(t) as t →+∞.
Proof. Set x(t) = x(t; t0, ϕ) and y(t) = x(t)− x∗(t). Then
y′(t) = −a(t)y(t)+
m
i=1
bi(t)

1
1+ xn(t − τi(s)) −
1
1+ x∗n(t − τi(s))

. (3.8)
Define a continuous function Γ (u) by setting
Γ (u) = −[a− − u] + n
m
i=1
b+i e
ur , u ∈ [0, 1]. (3.9)
Then, we have
Γ (0) = −a− + n
m
i=1
b+i < 0,
which implies that there exist two constants η > 0 and λ ∈ (0, 1] such that
Γ (λ) = −[a− − λ] + n
m
i=1
b+i e
λr < −η < 0. (3.10)
We consider the Lyapunov functional
V (t) = |y(t)|eλt . (3.11)
Calculating the upper right derivative of V (t) along the solution y(t) of (3.8), we have
D+(V (t)) ≤ −a(t)|y(t)|eλt +
m
i=1
bi(t)
 11+ xn(t − τi(t)) − 11+ x∗n(t − τi(t))
 eλt + λ|y(t)|eλt
=

(λ− a(t))|y(t)| +
m
i=1
bi(t)
 11+ xn(t − τi(t)) − 11+ x∗n(t − τi(t))


eλt , (3.12)
for all t > t0.
We claim that
V (t) = |y(t)|eλt < eλt0

max
t∈[−r,t0]
|ϕ(t)− x∗(t)| +M1

:= M3 for all t > t0. (3.13)
Contrarily, there must exist t∗ > t0 such that
V (t∗) = M3 and V (t) < M3 for all t ∈ [−r, t∗), (3.14)
which implies that
V (t∗)−M3 = 0 and V (t)−M3 < 0 for all t ∈ [−r, t∗). (3.15)
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Since x(t) ≥ 0 and x∗(t) ≥ 0 for all t ≥ −r , combining with (3.7), (3.12) and (3.15), we obtain
0 ≤ D+(V (t∗)−M3)
= D+(V (t∗))
≤

(λ− a(t∗))|y(t∗)| +
m
i=1
bi(t∗)
 11+ xn(t∗ − τi(t∗)) − 11+ x∗n(t∗ − τi(t∗))


eλt∗
≤ (λ− a(t∗))|y(t∗)|eλt∗ + n
m
i=1
bi(t∗)|y(t∗ − τi(t∗))|eλ(t∗−τi(t∗))eλτi(t∗)
≤

(λ− a−)+ n
m
i=1
b+i e
λr

M3. (3.16)
Thus,
0 ≤ (λ− a−)+ n
m
i=1
b+i e
λr ,
which contradicts (3.10). Hence, (3.13) holds. It follows that
|y(t)| < M3e−λt for all t > t0. (3.17)
This completes the proof. 
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